ﬂ (b) Solve sin2z = —3,for0<z< 2.

5
E (c) Show that ] tanz dz = } log 3.

2 3ds
2] (d) Fmdf et

g duced to lowest terms.
!E (e) Simplify tan (2cos™? 2) giving your answer as a fraction reduc

HINT: Let o = cos™" }—3

QUESTION TWQ (Start a new answer booklet)

Wlarks

1 —e
E] (a) Use the substitution = = 2sin f to evaluate [o V4 —a?dz.

9] (b) Consider the function y = zv/2 — #*, with domain — V2<z < VR
(i) Show that the function is odd.

dy 2-227
(i) Show that _y =S

(iii) Find the coordinates of any stationary points and then determine their nature.
&2y  22° — 6z
You may use without proof the fact that i EET’*‘)% E

(iv) Notice that % — —00 as T — (VE)_ (that is, as z approaches V2 from the left).

What does this fact tell you about the shape of the curve near x = Vv2?

(v) Draw a sketch of the curve, showing all z-intercepts, y-intercepts and stationary
points.

(vi) Use the substitution u = 2— 22 to find the area between the curve and the z-axis
fromz =0tor = V2

i o i 28 NeXD e
hifexams/1997 fmaTeoal  T/8/u7 Exam continues n I

UESTION THREE (Start a new answer booklet)
¢

(a) Write out the expansion of (313 Es —) , giving the coefficients as integers.
T

@ (b) Sketch the graph of the function y = |z — 5| — 2, showing the coordinates of all
significant points, including z-intercepts and y-intercepts.

(2] (0

A B }\'Tf

The point M in the diagram above divides the interval AB externally in the ratio
1: k. Find k.

(6] (a)

Q(2aq, aq*)

A(a,0)

In the dja.gram above, the points P(2ap, ap®) and Q(2ag, ag?) lie on the parabola with
equation z% = = day.

(1) Write down the coordinates of the midpoint M of the chord PQ.

(i) Show that the equation of the chord P(Q is y = (p+—‘)q)1- — apq.

(iii) Show that the condition for the chord P@ produced to pass through the point
Ala,0) is:

p+q=2pg.

(iv) Find the cartesian equation of the locus of M, as the points P and @ move on
the parabola subject to the constraint that 7 Q pass through A(a,0).

s/ 1997 fmaTIGI  4/8/97 Exam continues overleaf . ..



Thf: diagram above shows two
a circle, touching the circle a
at P and then at Q, where TP

tangents of equal len

¢ Aiad B 4 gth t drawn from a point T

secant through
= 5. The sides of the cyclic g

AP =a, BP =}, AQ =z
(i) Write a careful proof that AATP ||| AQTA

outside
T meets the circle first
uadrilateral APBQ are:

BQ =y.

( ) ce e - ;
1 I]en € exXpress “10 ratio — n terms oi e lengt &l t
P i mn terms o th 1 TE hs s and .

(iii) Write down he 1
* corresponding expression for 2
pression for o and hence prove that ay = by,
(iv) Prove that 2'°* f’\_lP_Q &
area ABPQ — p2 -

Trial 1997 v« v voemnmmmnsns 8/4 Unit Mathematics Form VI................ Page 5

UESTION FOUR (Continued)

The diagram above shows a horse trough which is in the shape of half a cylinder, with
length £ and radius r. It is partly filled with water, and the surface PQRS of the
water is a distance h below the top KLMN of the trough. Let M be the midpoint
of PQ, and O be the midpoint of K L.

(i) Express the length PM in terms of h and r.

(ii) Hence show that the area A of the surface of the water is given by:

A =20/ — K2,

(iii) The water in the trough is evaporating in the hot Summer sun in such a way that
the distance h from the top of the trough to the surface of the water is increasing
at a constant rate.

The trough measurements are { = 250 cm and r = 50cm, and the surface is
descending at a constant 0-3 em per day. Find the rate at which the surface aven
is decreasing when the surface of the water is 40 cm below the top of the trough
(express your answer in units of em® per day).

Sexams/1997 fmoTi2

63 4f5/a7 |

/8 D . h:fexams /1997 /maT163f 7/8/97 R
Xam continues next page
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UESTION FIVE (Start a new answer booklet)
(a) (i) Use long division to divide the polynomial fl@)=2" -2+ 2 — 2 41 by the
polynomial d(z) = z* 4 4. Express your answer in the form:
f(z) = d(z) ¢(2) + r(2).
(ii) Hence find the values of the constants a and b so that z* — 2° +a? taz+4bis
divisible by z? + 4.
E (b) Consider the binomial expansion of (3 + 11z)!°.

(i) Let Ty be the kth term in the expansion (where the terms are written out in
increasing powers of z), Show that:

Tigr _ 112(20 — k)
T 3k )

(ii) Find the greatest coefficient in the expansion. Express your answer by giving the
prime factorisation of this coefficient.

3] (c) Consider the binomial expansion:

= (3) 4 (T () (2) a4t () am
(i) Use a suitable substitution to find the value of:
(o) +2(1)+2 (5) +-+2: (7).

(ii) Differentiate both sides of the identity, and then use a suitable substitution to
find the value of:

(D)-2(3) #3G) -+ cra().

hifexams /1997 fioTeRar 5/8/97 Exam continues next page ...

Treal 997 civmsdsnvini 3/4 Unit Mathematics Form VI................ Page 7
UESTION SIX (Start a new answer booklet)
(a) The velocity v of a particle moving on the z-axis is given by:

v? = —3z2 + 20z + 7.

Show that the particle is moving in simple harmonic motion, and find the centre,
amplitude and period of that motion.

[3] (b) Solve 2cos? 8 + cosf =1, for 0 < 6 < .

(5] (0

In the diagram above, O is the centre of a circle of constant radius r. A variable
chord XY subtends an angle 26 at the centre O. Let P be the point on the major
arc XY so that AXPY is isosceles with X P = Y P. Let PO meet XY at M, so that
PM is the perpendicular bisector of the chord XV .

(i) Prove that the area A of AXPY is given by:
A =r%sin (1 + cos®).

d. . d*A
(ii) Show that d—g = r?(2c0s’ 0 + cos f — 1), and find prTR
(iii) Use part (b) above to show that AXPY has maximum area when it is an equi
lateral triangle.

h:/exams /1997 /m97e630  7/8/97 Exam continues overlen?
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Wi

It is desired to find approximations to V2 by applying Newton's method to find the

roots of the function f(z) = 22 — 2 sketched above. Let the initial value be z;.

(i) State for which initial values z; the successive approximations given by Newton's
method will eventually get close to /2, for which initial values they will eventually
get close to —+/2, and for which initial values the method will fail entirely.

(ii) Show that for the initial value 1, the next approximation 2 is:

.2+ 2

Ty = -
2z,

(iii) Using the initial value z; = 2, apply Newton's method three times, giving each
successive approximation as a rational number without further rounding. Do not
use decimal notation at all in this question.

E] (b) Use the method of mathematical induction to prove that for all integers n > 2, the
expression 9" — 8n — 1 is divisible by 64.

@ (c) Consider the sum:

a+d a+2d +3d  a+dd a+nd
Samat il B R O ;
T r r i '-|l
where a, d and r are constants, with [r] > 1, and n is an integer.

(i) Write down the expression for o
(ii) By subtracting the expressions for S, and for 5y, find a formula for Sa.
(iii) Hence show that:

. rlar — a+d)

WMP

Wifexame/ 1997 maTu63f  7/8/97



SGS Trial 1997 3/4 UNIT MATHEMATICS FORM V1 Solutions Let z = 2sinf
B z ) then dr = 2cosfdb,
QUESTION ONE = f 4cos?0dd [/ (integrand) / (limjﬂ i PO, T,
0 L}
Marks ] 2 3
B s Vi —z? =2cosf.
[3] (a) Given 3-8y - f (24 2cos26) do o
0 When z =0, 8 =0,

w

. %
=[29+sm29]0 whenx:], 9=E

x —_ ?
322 — 82 > 22 @and z#0
=(Z +sin}) - (0+sin0)

222 —82 >0 and = £ 0
2z(z—4) >0 and z #0 =1+1v3 |V

<0 or z>4. |y (one mark is for excluding 0)| -z +63\/§ :

@ (b) sin2z = —i—” where 0 < & < 27, that is, 0 < 2z < 47,
®

2mi==

@ {b) (i) Let f(x): .":\/2—-—:.5'E
_then f(~z) = ~a/2— (<2)?

= —zy/2—2?
= —f(z), |V (itsa proufjl

so the function is odd.

cCOsT
= — fegfeoaz) ; @ (i) y= 3:\/—2_.— 22 Let u=zx
=—|05%+105[é\/gj d_yz 2—z‘+i(~_2—$_J— and  v=V2-2%,
=log2—log?2 + % log 3 |\/ (or some explanation — it's a |‘Jr0()fﬂ ® 9 _ g2 _2? ez then EE =
= llog3. o T TVe-o g -
and — = —=

0-4

ro -l CURE & Y

= % (tan™' 1 — tan™' Q)

-3

\2/2__‘?,:; . W (it'sa proof]_ da

(iii) So dy/dz has zeroes at 1 and at —1, M

and is undefined at = V2 and at = = -0

. When z =1, y=1,
| (e) To simplify tan (2cos™! 12). 42
| (o) mplify ten (Zoos™ 13 ); and when z = 1, —!{ =—4
let a = cos” ! :‘:_ dz?
then oS = :; and 0<a <, =0,

and so tana = . M

so (1,1) is a maximum turning point,

Since the function is odd, (—1,—1) is a minimumn turning point. l\/_\/

D fain o
So tan 2a = : = t!"“%_
an? a d ) ) )
=B 25 ' (iv) The fact that Y, _casz — (\/”) means that the curve will become vertical
=g+(1- 1_1) [\_/_I T
=gx{ as it gets near = = V2. M
— 120




Trial 1997 Solutions...........

™) 4

(vi) Area = f zx\/Q_—xzdz Let u=2-z%
V3 then du = —?x dz,
=i [ (o) Ve wi  VEmFeh
) =-1 f: u? du [/ (for integrand) ?:;T;n::j’é‘ :; ; E’
12 [,2]°

=-L0-2v2)

= i\/? square units. @

QUESTION THREE

Marks ) 1
@ (a) (3.7.3 + 1)4 = (32%)" 4 (4 x (32%)% x %) + (6 x (32%)% x ?)

T

1
+(4X3I3X—3)
T

1

+ —

zt

= §1z'2 + 1082® + 5da? + 12 + l,, . [/ (powers of z) / (coefficients)
el

(2] (b) Giveny=|z—5| -2,
y+2=|z-35|
This is y = |z|, shifted 2 down,

and 5 to the right.

'\y

3

E/ (for shu:p(-:}}
\&or all int.vt':‘ﬂs]

—2

iR (]

|ﬂ (¢) Since AM : MB —5:3, the point M divides AB externally in the ratio 8 : 3. |L/l

But 8:3=1:%, sok=4.

B

NoTE: Where i itk <0,iffk=0,if0<k<1,ifk=1iF

N

NOTE: Rearranging, (= —

Lol if k= oot

Trial 1997 Solutions............ 3/4 Unit Mathematics Form VI............ Page |

;)
(d) (i) The midpoint of PQ is M = (a{p + q), M) |Z|

2

2 _ 2
(ii) First, gradient of PQ = S edy m

dap — 2aq
op—9)p+9)
Balo— 1)

_pb+g
==
So the chord PQ is y — ap® = P 1 q(:e: — 2ap)
5 (p+g)
y—ap' = === —(p+q)ap
2 _ (pt+a) v
y—ap’ = =—"— —ap® —apq

y = o -a_.lr]_.r — apq. [:/_{_it’s a proof)

(iii) Substituting A(a,0) into the equation of the chord PA:

= ; g pg  (since a = 0)

Pp+ag= 2;{)(}'_ |;/(1t"s i; :IEH.)]C ]|

(iv) The locus of M is given by the three simultaneous equations:

r=a(p+q), (1)
- a2+ s
5 ¥ (=

p+q=2pg. (3]
= ;'r"'u_p" + q! + 2pq),
- r.ll"'i'l,l}! t fj:!) + “2(;, { ff)-

az. (74

:,:HI |y :;u), so the locus is a parabola pointine
Yool focal length La. But the locus of M is +
3 £ 5

Squaring (1),
and using (3), a?

Now using (1) and (2), "

upwards, with vertex (1a,
the whole parabola r* = 2ay+ .+ what restriction on x and y is needed (1 dos
think this is easy, as lines thronel | with large positive gradient eut through 1!

parabola again)?

For 4 unit people only, is a restriction needed if complex values of all the variall
are allowed? This answer will 1000 an algebraic and a geometric interpretation



(i) In the triangles TAP and T'()A:

(ii)

1. {ATP = {QTA (common),
2. /PAT = /AQT (alternate segment theorem), |\/(fili1n_gﬂ

s0 ATAP || ATQA (AA). |/ (it'sa proof)'

AP TP . L .
Hence 04~ TA (matching sides of similar triangles),
tﬁhat is, % = % EZ]

b s
(iii) Similacly, = = 3,
y
b
and so e
Ty

ay = bx, [V’ (it’s a pmog_)i

that is, the products of the pairs of opposite sides are equal.

NoTe:  It's not hard now to prove the converse result, and so show that the property

proven in (iii} is in fact a characterisation of a eyclic quadrilateral in which the in-
tersection of the tangents at one pair of opposite vertices is collinear with the other
two vertices. It follows then that if this happens with one pair of opposite vertices.
it happens with both. Can you complete the statement and proof of all this?

For 4 unit people only, how do this theorem and its proof relate to the geometric
interpretations of the 4 unit Trial’s last question Q8(b), which defined the cross
ratio of four complex numbers and applied it to whether or not the four points or

their forn buages were coneyclic? Can you prove the theor o shove using complex
numbers, or the 4 unit Trial theorem using Euclidean geonetry? How do both of
these theorems relate to the two parts of Q7 of last year's 4 unit SGS Trial? Can
you provide a Euclidean proof of Sylvester’s theorem i vt vear's Half Yearly”
Now aren A4APQ = %a;t’sin A, (sine rule), |\/|
and  area ABPQ = ,J!l';y sin B.
But A+ B =180, (oppesite angles of cychie quilrilateral),
S0 sind =sin B, (the sines of supplementary aneles are equal), [\f"'
ih o "

also i (since ay = bx). |;/l

e a’

M |
PO SR |(it’s a ])muf]|

wks
Al
1

(1) By Pythagoras, PM* = »*

(i) So PQ=2/rz — h?,

—h2, |Z|

and A =20,/r2 — h2. [\/ (it'sa proofﬂ

dA
(i) Hence Py

S0

I

Te

dA dh
ah " @t

(chain rule)

20(~2h) dh
2 — 2 di

2¢h

dh
= - \/2_7;_ 7 |\/ (the signs must be correct)

oy e R b S i s
In units of centimetres and days, ¢ = 250, r = 50, dh/dt = 0-3 and h = 40,
dA

20000

/2500 — 1600

20000

30

= —200.

x 0-3

(chain rule)

x 03 [V

So the surface area is decreasing at 200 em?® per day. E|

QUESTION FIVE

(a)

(i)

L
% 3
P44zt -2t 2t
1

: —3
+ 4x*
— 27 — Gt
23
— 30

1 3 2
Sox" —z" +2° — a4

{1) We know

:IJI‘] 50 4 =

50 2t

€T

I ]
£

i
L R

4 and o

(r* +4)(a? =z~ 3) + (32 +13). [{/]
(2 4 dA) e -2 —3) + (32 + 13),
(e +a)z? — 2 -

12

13 |\/_|

3),
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(b) (i) In the binomial expansion of (34 11x)'%:

190, 319k (11z)*, Lﬂ

Y0y 320K (112)k1

~1IX (20K x (k1) 319k (11g)k
(19— B) x kTx 101 ™ 380k (114)k-1

, as required. E/_{ ltl,:; a IIJmm")I

Ty =
and Ty =
B0 T—" .
Ty
i) pug 2F Ten
coeff T),

>1

3k

1

o LBz =F)

50 _ L

then 1—1{":;—;'2 >1
220 — 11k > 3k

220 > 14k
k<152
k < 15.

* So coeff Ty5 > coeff Tys, but coeff Ty7 < coeff Ty,

50 Ty has the greatest coefficient. and- '—/|

coefl T

_19x3x17x4

E—J (¢) (i} The expansion is:

(14a)"

Putting » =

(

M

1

v

905 x 31 %1115

_19x18x17x 16

1x2%3 x4

v

_ (u.
~\o
Putting = = 2 makes the LHS equal to 3", and so:

() +2()+2 () +- 2 () =2 @

Differentiating both sides of the original idlenr;

w142t = (1) + (7

)..

(.

MORTAES

i
2

= %3t

x 3" x 118

x 11" % 17 % 19. lV{iﬁt‘ime factorisation nﬁﬂr‘;{-ﬂl

) +3(

(;) R (:) L L

j 2 + |r } 32 ... - (”) nz't—1 i\/i

1 makes the LHS equal to 0. w0 5o

n

3

| t,,(:).—n. [Vl

|

5

(a)

(3] (v)

(5] ()

QUESTION SIX

Since

8 Trial 1997 Solutions............ 3/4 Unit Mathematics Form VI.....

= — (30?)

dz

—3z + 10

= =3(z - 3%),

so the particle is moving in simple harmonic motion about the centre 2 = 3%,

a
Also n? = 3, so period = \"/—g |_7|

= Ix V3.

Factoring, v =—3z+1)(z-1),
so the particle is at rest at z = % and z =17,
so amplitude = (7 + 1)

2

Given

- v

2c0s° @+ cos@ =1, where 0 <f<m,

()

2c08° 8 +rcosf—-1=0
I(cos@+1) =0 []

cosfl = & or —1

(2cost

(1) From the

Fl]”1

and

OR

s, XM = rsinf,
PM = PO+ OM
=r+rcosf, |\/]
A= lz % 2rsind x r(l 4 cosd)

A =r*sinf(1 + cosd). |_\/[ 1L\._ a proot )

arcn APOX + area APOY + area AXOY
mim —8)+ :i: sin(w — &) + ;r sin 26
#?sinfl cos @

N1+ cos @), |\/t'lT‘~< a pl‘nuﬂ;

Y

Page §
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48 Trial 1997 Solutions. ...

......... 34 Unit Mathematics Form VI, ... . Puge 9

2 d. . .
(i1) Hence Eﬁ =r?cos (14 cos@) + +2sin 8(—sind) (product rule)

=72 (cos® + cos? @ — sin® d)

If

r2 (cos8 + cos® § — 1 + cos® )
r? (2cos? 8 + cosh 1)

. G a o)

So —— =r%(—4cosfsing - 5in #) ]ﬂ

it ~r23i|19{4:‘:1sﬁ 1.

(iii) So by part (b), since  is acute, d.A /df

is zero when § = I

When =2, — " iq negative, by part (ii).

3 dg?
So the area of AAPR is maxin:

in which case the triangle is equiluteral,

when 6 = 3

NOTE:  Surely there is a less complicated proof for such an obvious result. Are there
alternative calculus approaches? Are there purely geometric proofs?

QUESTION SEVEN

(a) 1) When #; > 0. the suceessive vl

/; >
mverge to V2. When &) < g, they conver.

i T s _ A ——
to —v2. When zp =0, the method fails, because 24 will be undefined., W/

(11} Using the formula, r, = Tl- 5 I
| J'I
e .y
=i
21,
2z 1
T }
=
{111} ]'-hjnl_r; the initial valye ry 2
. LT A
cr=15.0 |y
L — ill_,
_ 169  [7 ATT
i ]I_[H' ;\-_ffr|- H
NOTE: Squnring, ( 708 ) e

rational approximation 1o .-

THrowEy - For all inteweps

IRITIRTEY | A When =92 41

(since f'{a) = 22)

fib's ;-;-pr-_r_mf.;-_ll

. ':'.‘I,'ll[:k il'i‘l\'t':

-.|1|c'=-|i|'{ljl

which means tha 08 15 an exeells

"-;iJ:l," the t‘}l.lt.‘.]l]nli}!'f

000002,

HO" —8n =1 js divisibie 1,

’L':)"S Trial 1997 Solutions ... ... .. 3/4 Unit Mathematics Form £ Page 19

B. Suppose k > 2 is an integer for which the result is true,
That is, 9 — 8k — 1 = 640, where ¢ ¢ Z. (44)
We now prove the result for 1 — f + 1.
That is, we prove 9%4! _ g _ g is divisible by 64. '_J_{E'@ill[_:_pil-l_'} iEII
9 _8k-9=9x0* _gt_g
=9(647 + 8k + 1) — 8k — 9, by the induction hypothesis (++) |\,/i
=9 x 64¢ + 64k, which is divisible by 64, as required, r\/|1

C. It follows from parts A and B by mathematical induction tha the resit

true for all integers n > 2, ,[(:|mxi1|1um_3;‘<1?.|nissing)—l

NOTE:  Modulo arithmetic is not part of the 2/3/4 unit Syllabuses, but the alteru.
tive proof using modulo 16 arithmetic is very quick and malkes the result somew!ine
more obvious.

r ; ; a+d  a+2d a+3d a + 4d a4 nd

3] (@ () Given: Sy =gt —— 4 A

i 2d a4+ 3d 4d 1+ reel

i X '.r_’ rS, =ar + (e + o) 4 ﬂil + H_-f-'_r + fj‘-‘i—_:;- : + o4 g = _fl .
i = 2 =

T "

(i) Subtracting the previous 1wo lines:
] o o a 4 1l

r r

|1
l - @+ nd . " :

= ar + nf( - —-':]—) - ——=, since the middle terms fory .
g o

'

1 1 -4 1 T
50 Sp = T ( i ,.{( = 'L—) — f“_:'"le) . E/mulupllhc([]l

; 1 i b ) 1
(1) lim §, = — 7 (w- o . ) + U) + Since — -+ 0 as n — oo
o "

N0 ro—
1
= =55
L )
(r 11

= - 1it's o En'm_lfl!

NOTE:  The original e
any GP, so it's i

sunt. What physical .

tatio of the terms of any AP over 1,
toctind its sum. and to find also 1,
could be modelled by such an objeet™ V

be done with the vt “rins of any GP over the terms of i

b i |



